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Characteristic polynomial, eigenvalues, and eigenvectors 4

For each of the following matrices, we request:
1. Find the characteristic polynomial.

2. Find the eigenvalues and the associated eigenvectors.
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Solution

i) Characteristic polynomial

Let
-1 -3 -9
A=10 5 18
0o -2 -7

To find the characteristic polynomial of A, we compute
p(A) = det(A — AI).

In this case,
-1-Xx -3 -9
A—- )\ = 0 5—A 18
0 -2 7=

We can expand by cofactor along the first column. Since the second and third entries of the first
column are zero, the determinant simplifies to:

p(A):(—1—A)det(5_'_‘2A _;fA).

The 2 x 2 minor is:

=G -N(=7-2) - (18)(=2).

5—A 18
2~

Expanding,

(B=XN(=T=X)=0G)(=T=X) = A=T—=X) = =35 -5\ +7TA+ A2 = A2 + 2\ — 35,

so that
(5=XN(=7T=X) +36=24+2X1-35 + 36 = 2+ 22 +1=(A+1)%

Thus,
PA) = (1= A+1)’=-A+1)(A+1)*=—-(A+1)>°

To express the polynomial in monic form, we factor out —1:

p(\) = (A +1)2.

Eigenvalues and eigenvectors

The equation p(A\) = 0 reduces to

(A +1)* =0,
which implies that the only eigenvalue is
A=-1
with algebraic multiplicity 3.
To find the eigenvectors associated with A = —1, we solve
(A+I)v=0.
In matrix form,
-1+1 -3 -9 0 -3 -9
A+1= 0 5+1 18 =(0 6 18
0 -2 —7+1 0 -2 —6

Let v = (z, y, 2)T. The system imposed by (A + I)v = 0 reads:
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-3y — 9z = 0,
6y + 18z = 0,
—2y — 6z = 0.
All three equations essentially impose the same condition: y + 3z = 0, without any restriction on z.
Therefore, x is free and y = —3z. We parametrize the solution by setting z = s and z = ¢, so that
x S 1 0
v=|y|=|-3t|=s|0] +t|-3
z t 0 1
Thus, the eigenspace of A = —1 is of dimension 2, indicating that the geometric multiplicity of eigen-

value —1 is 2, while its algebraic multiplicity is 3. Consequently, there exists an additional vector (a
generalized eigenvector) completing the Jordan chain, but it does not satisfy (A + I)v = 0.

A possible basis for the eigenspace is:

1 0
Vi1 = 0 ; Vo = -3
0 1
Any linear combination of these two vectors is also an eigenvector associated with A = —1.

Characteristic polynomial
Let

A=|-1 2 -1

To find the characteristic polynomial of A, we compute
p(A) = det(A — \I).
In this case,

A— N = -1 2-X -1

Expanding along the first row, we obtain:

p(N) = (1 — A) det (2_? 1__1A) —(—1) det (_01 1__1A)
=(1=N[@- N1 =N = (DED] -,
Noting that
(2=XN)(1=X) =X -3x+2,
we obtain
(2=N1 =X —-1=X\-3\+1.
Thus,
P = (1= N2 =3A+1) + (1= X) = (1= ) [\ =33+ 1) +1],
which simplifies to

p(A) = (1 =N (A2 =3\ +2).

Since
M _3A+2=A-1)(A-2),


https://cabraljuan.github.io

Juan Andrés Cabral

we have:

pA) = (1= -1 -2).

Observing that (1 —A)(A—1) = —(A —1)2, we can express the characteristic polynomial in monic form
(multiplying by —1):
() = XA - (A - 3),

which means that the eigenvalues are

Eigenvalues and eigenvectors

Eigenvalue \; =0

To find the eigenvector associated with A = 0, we solve

Av =0.
That is,
1 -1 0 x 0
-1 2 =1y =10
0o -1 1 z 0
The resulting system is:
r—Y= Oa
—x+2y—2=0,
-y +2z=0.

From the first equation, x = y; from the third, z = y. Thus, an associated eigenvector is:

1
V] = 1
Eigenvalue Ay =1
For A = 1, we solve:
(A-I)v=0
We have:
1-1 -1 0 0 -1 o0
A-I=| -1 2-1 -1 |=[-1 1 -1
0 -1 1-1 0o -1 o0
The corresponding system is:
—Yy= 0;
—xr+y—2z=0,
-y =0.
From this, we deduce y = 0 and, substituting into the second equation, —x — z = 0, that is, z = —z.
Thus, an associated eigenvector is:
-1
Vo = 0
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Eigenvalue \3 =3

For A = 3, we solve:

(A-3I)v=0.
We have:
1-3 -1 0 -2 -1 0
A-3[=| -1 2-3 -1 |=(-1 -1 -1
0 -1 1-3 0o -1 -2
The corresponding system is:
—2r—y=0,
—rx—y—z=0,
—y—2z=0.

From the first equation, y = —2z. From the third, —(—2z) — 2z = 22 — 2z = 0 implies z = z. The
second equation is automatically satisfied. Thus, an associated eigenvector is:

1
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